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Geometric Analysis of Low-Earth-Orbit Satellite
Communication Systems: Covering Functions

Yuri Ulybyshev*
Rocket-Space Corporation “Energia,” 141070, Korolev, Moscow Region, Russia

A new approximatemethod of coverage analysis for real-time communication systems based on low-Earth-orbit
satellite constellations in circular orbits has been developed. A set of covering functions that describes coverage
statistics vs geographical latitude is introduced. The ith-order covering function value is a geocentric angle of the
smallest circle that encloses the subsatellite points of no less than i satellites at any time. New statistical parameters
of coverage based on the first-order covering function (guaranteed estimations of the summary visibility period
in which at least one satellite has to be seen from a user, of a joint visibility period of two adjacent satellites, and
a maximal waiting time of a next visibility period with a guaranteed estimation of the summary visibility period)
are described. The maximal distance between two users with a joint visibility of a satellite can be determined using
this function. Methods for the computation of local and regional service areas for a network topology using ground
stations are proposed. Numerical examples for the IRIDIUM ©® and GLOBALSTAR constellations are presented.

Nomenclature
h = orbit altitude, km
R, = spherical radius of the Earth, 6378 km
T = orbital period
t = time
ZGsi = service area of ith ground station
a = elevation angle, deg; see Fig. 1
At = visibility period of satellite
Aty = maximal visibility period of satellite; Eq. (2)
Aty = maximal waiting time of a next visibility period

Oty,, Ot,3 = joint visibility period of two and three satellites
= coverage angle; see Fig. 1

; = ith-order covering function; Eq. (4)

= longitude

Earth’s gravitational constant, 398,600 km?3/s?
= latitude

= azimuth

Introduction

URRENTLY, there is great interest in providing worldwide

communication services to mobile or other users via networks
of low-Earth-orbit (LEO) satellites."? The design of satellite com-
munication systems relies on an analysis of a number of mutually
linked factors, such as type of service, optimal satelliteconstellation,
minimal elevationangle, extentand distributionof the expecteduser
population, class of satellites, types of mobile terminals and ground
stations (GSs), etc. Comparison of different alternativesis difficult
due to complex interactions between these elements.

In studying mathematical models of these complex systems, one
often faces a tradeoff between precision of model predictions and
ability to obtain detailed information needed to build the model. In
the present paper, a new approximate method of coverage analysis
for real-time communication systems based on LEO satellite con-
stellations in circular orbits was formulated. The rationale of this
method is to obtain a better understanding of the nature of LEO
satellite constellations. This knowledge would be useful for first-
hand design of communication systems. Also, approximate meth-
ods often serve a useful role as a starting of reference solutions for
more accurate approaches.

Real-time communicationsystemsrequirea satelliteconstellation
that can provide continuous global or zonal coverage. This problem
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for satellite constellations in circular orbits has been examined by
many authors since about 1960.3718

It is well known that the coverage statistics for satellite con-
stellations depend on geographical latitudes. Currently, statistical
parameters of coverage based on an elevation angle (an average
number of satellites with an elevation angle greater than a specified
value, a time percentage of periods in which the elevation angle
is greater than a specified value, etc.) are more often used. As a
continuous measure of coverage statistics vs latitude, we propose
new descriptive functions, here called covering functions. The ith
order covering function value is a geocentric angle of the smallest
circle on the Earth’s surface that encloses subsatellite points of no
less than i satellites at any time. In a sense, these functions describe
satellite densities as functions of latitude. There are many possible
applications of such functions. The first is a standard application
of the computation of a guaranteed visibility period of a satellite, a
joint visibility period of two satellites from users or GSs, a maximal
distance between two users with joint visibility of a satellite, etc.
The second is determination of service areas for user-satellite-user
(U-S-U) and user-satellite-GS-satellite-user (U-S-GS-S-U) link
chains. The third is a calculating of regional or global service areas
based on a GS network.

Note that there are some similarities between the covering func-
tions and geometric parameters of satellite pairs and triads for satel-
lite constellations introduced by Walker*® and Ballard® (a largest
value of the radius of the circumcircle of adjacent satellites and a
range arc from midpoint of the spherical triangle formed by join-
ing three subsatellite points). However, there is a fundamental dif-
ference. These parameters describe the worst-case observer on the
Earth’s surface independent of its latitude. By contrast, the new
functions are functions of latitude, which determine the worst-case
observer located at any point with this latitude. Although the cited
parameters are used, as a rule, for a computation of optimal satel-
lite constellations, we believe that the covering functions are more
suitable for an analysis of specified satellite constellations.

LEO Satellite Communication Systems

Geometrical Preliminaries

Figure 1 shows a typical satellite coverage of the Earth for an
observer (a user or a GS). The satellite is located at an orbital height
h; the projection of the footprint onto the Earth’s surface defines a
circle of coverage of angle 0. The coverage angle can be expressed
as a function of the orbital altitude & and a minimal elevation angle
a within the coverage area as follows:

0 =cos”{[R,/(R, + h)]cosa} — a (1)
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Table 1 Link types

Designation Link chain Figure
U-S-U User-satellite-user 2a
S-GS-S User-satellite-GS-satellite-user 2b
GS-S-GS User-satellite-GS-satellite-GS-- - - 2¢
-GS-satellite-user
Satellite
Observer

(User, Ground Station)
Subsatellite
Point

Fig. 1 Observer-to-satellite geometry.

The user speed (relative to the Earth) and the Earth rotation veloc-
ity (the maximum for the near-equatorialareas is about 0.46 km/s)
arenegligibleas comparedto the LEO satellitevelocity (~7.5km/s).
In this case, the users and GSs can be conceived of as nonmoving
points in an inertial frame during the visibility period of a satellite.

The maximal satellite visibility period corresponds to a satellite
groundtrack that passes through the observer:

Aty =0/ )T 2)

where

T =2nv (R, +h)3/u (3)

is the orbital period. The time Af,,, is a function of 0 and will be
indicated as Az(6).

Satellite Constellations

This paper deals with two well-known LEO constellations: the
IRIDIUM® constellation'® and GLOBALSTAR constellation° The
IRIDIUM system uses intersatellitelinks to provide communication
services.!” The GLOBALSTAR system uses transmitting radio sig-
nals via the satellite network between GSs and users.

The IRIDIUM constellation consists of 66 operational satellites.
These satellites are arranged in six orbital planes 780 km above
Earth, each containing 11 satellites. Their orbits are inclined at an
angle of 86.4 deg. The satellites form a constellation that provides
single global coverage for a minimal elevationangle of 8.2 deg. The
IRIDIUM constellation'® belongs to a general class of near-polar
satellite constellations,!® which is a generalization of the Adams
and Rider family of the polar-phased constellations!?

The GLOBALSTAR constellationconsistsof 48 satellitesin eight
planes with six equally spaced satellites in each plane with an in-
clination of 52 deg and an altitude of 1390 km. The constellation
is designed for 100% single coverage between x£70° latitude and
double coverage between 25° and 50° latitudes for a minimal ele-
vation angle of 10 deg. This constellation belongs to symmetrical
constellationsof the Walker type.*® In the following coverage anal-
ysis, we will be using only nominal parameters of the constellations
because the formation keeping of a long-term structure of a LEO

constellation can be realized with a high degree of accuracy?!-?

Network Topology

Recently, various aspects of communication using LEO satellite
constellations have been investigated.!>>2% We consider network
topologies using the satellites as relays between users and/or GSs.
Link types are given in Table 1 and shown in Fig. 2.

LEO Satellite

User 1 User 2
a) Local link of type U-S-U
User 1 User 2

Ground Station
b) Link of type S-GS-S

LEO Satellites

User User 2

¢) Regional or global links of type GS-S-GS
Fig. 2 Link types.

Covering Functions
Definition of Covering Functions

Consider an observer on the Earth’s surface and a satellite con-
stellation. At any givenz, we can compute the Earth-centralangle 9;
between the observer (with latitude @ and longitude 1) and subsatel-
lite point of the jth satellite of the constellation. It is evident that
the minimal angle min(Sj) to the nearest satellite can be changed
from zero, for example, it is a groundtrack that passes through the
observer,to amaximal value. As arule, the typical lifetime of a com-
munication satellite constellationis from several months to several
years. Long-term evolution of satellite constellationsis a complex
motion about the Earth’s surface. On one hand, the observerrotates
with the Earth, and on the other hand, the orbit of each satellite
precesses about an inertial frame. For a long-term interval, we can
assume that the maximal value of min(Sj) refers equally to an arbi-
trary site with latitude ¢ regardless of longitude. Similar extremal
angles can be computed for two or more nearest satellites.

We define the covering functions for LEO satellite constellations
as follows. In a geometric sense, the ith-order covering function
value is the geocentric angle of the smallest circle that encloses
subsatellite points for no fewer than i satellites at any time. Thus,
we can write

G(¢) = max [min[%(w, A, t)]}
osi<2z  ’
6o) = max | minlo,(¢. 2.0}

0<A<2rm

On(p) == )

where j, k,[,... =1,2,..., N and N is the total number of satel-
lites.

The constraintrelationof the i th-ordercontinuouscoveragebased
on the ith-order covering function can be written as

0 >max 6 () )
pc F
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Fig. 3 Covering functions of the IRIDIUM constellation.
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Fig. 4 Covering functions of the GLOBALSTAR constellation.

where F' is a required interval of latitudes. That is, visibility is
achieved when the equation is satisfied.

It is also easy to show that the ith-order covering function 6 ()
is in one-to-one correspondence with a maximal elevation angle
required to guarantee continuous visibility (from any point with
latitude @) of at least i satellites. The inverse transformation can be
obtained from Eq. (1).

Examples of Covering Functions

Examples of the covering functions 6,(¢), & (), 6;(¢), and 6,(¢p)
for the IRIDIUM and GLOBALSTAR constellations are shown in
Figs. 3 and 4, respectively.

For a computation of the covering functions, a Monte Carlo
method or a time-step simulation can be used. The computational
effortis comparable with a standard statistical simulation of satellite
constellations.In the presented numerical examples, a Monte Carlo
simulation with 1000 instantaneous possible positions of the satel-
lite constellationsrelative to a set user was used. For each position,
arandom set of users from the equator to the pole (with latitude step
of 1° and a uniform distribution in longitude) was computed.

In the following computations and analysis, only tabulated or
interpolated data for the covering functions are used.

Estimations Based on Covering Functions
In this section, estimations of statistical parameters of coverage
for LEO constellations are presented. All of these estimations are
guaranteed times referring equally to any observer with the same
latitude .

Fig. 5 Geometry of the
first covering function;
times are #;, start of visi-
bility of S satellite; #;;, out
of satellite S; from circle
®, and intersection of cir-
cle ®; by S, satellite; and
tx2, end of visibility of S;
satellite.

Fig. 6 Geometry of the
second covering function.

Properties of the First Covering Function

Figure 5 shows a geometric interpretation. The two circles are
on the surface of the Earth and have radii defined by Earth-central
angles 6, and 6. We assume that 0,(¢p) < 6 (Fig. 5).

Property1: The firstcovering function(4) guaranteesthatacircle
0, enclosesthe subsatellitepoint of at least one satellite. A boundary
case is a groundtrack that passes tangent to the circle 6,. Then,
applying the law of cosines to the spherical triangle BDC (Fig. 5)
yields

cos O =cos 6, cos BD (6)

Therefore,at any time thereis atleastone satellite with a summary
visibility period no less than

T 0
An(g) ==cos™ (——o— ) < At @)
T cos 6, (o)

Property 2: There is a pair of two adjacent satellites (each with
visibility periods no less that At,) with a joint visibility period no
less than

otia(@) ={[0— 6 (p)]/m}T ®)

The boundary case is a combination of two groundtracks each
with the minimal time of motion between circles 6, and 6 denoted
St12/2 (see Fig. 5; we assume that the groundtracksare straightlines
because 6, < 7, and 6 << 7). By this means, the summarized joint
visibility period of the two satellites is ot,. Clearly, ot;, < At;.

Property 3: The maximal waiting time for the next visibility pe-
riod of a satellite with the duration no less than At is

Aty (@) = Aty (6) = 6112(9) ©)

measured from when the first satellite becomes visible.

The case with the longest waiting time is a combination of the
maximal visibility period At,,,(6) and minimal joint visibility pe-
riod of two satellites ot,,.

Estimations Based on the Second Covering Function

Similar estimations can be defined using the second covering
function 6;,(¢p). We assume that (@) <6, (¢) < 6 (Fig. 6). The
proofs are omitted.
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Fig. 7 Statictical parameters of coverage for the IRIDIUM constella-
tion.
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Fig. 8 Statictical parameters of coverage for the GLOBALSTAR con-
stellation.

Property 5: At any time there are at least two satellites each with
a summary visibility period no less than A#; and

T 0
At () =—cos_1( cos
bia

m) <AH(Q) < Al (10)

Property 6: There is a triad of satellites with the joint visibility
periods no less than

o3 (@) ={[0— &u(p)]/7}T an

Examples of Statistical Parameters of Coverage

Estimations of statistical parameters of coverage At,, 6t},, and
Aty for the IRIDIUM and GLOBALSTAR constellationsare plot-
ted in Figs. 7 and 8, respectively.

Service Areas

Service areas define regions of the world in which a communica-
tionsystem will be used. They are expressedin terms of geographical
areas.

Local Service Areas of Type U-S-U

At any time a local link of type U-S-U is possible between two
users located in the footprint of the same satellite if 6> 6,. As
an example, it is possible in the case of at least single coverage.
However, the maximal distance allowable between the two users
depends on the first covering function 6,(¢) in a neighborhood of
the users’ latitudes and the azimuth of the connecting line.

North Pole

Fig. 9 Geometry of local link.

Suppose that the two users are located at points A; and A, with
coordinates (1, ¢;) and (4,, ), respectively (see Fig. 9). Let 6;,
and 0, denote coverage circles of the users. If these circles are
nonoverlapping,then the link between the users is impossible. De-
note 6 as the largestcircle radius inscribed on the overlapping area
of the coverage circles. Let (15, ¢s) be the coordinatesof the center
of this circle. If 65 < 6,(¢s), then the link is possible when the two
users stay in the footprint of a satellite. Finally, if

0 = 6(9) (12)

then, atany time, there is guaranteed visibility to at least one satellite
from the two users. In this case, the links between them can always
be established. The circle 6 may be considered as a coverage circle
of a user. Thus, the estimation of statistical parameters of coverage
(Aty, 8tyy, and Aty ) can be applied to joint visibility of the two
users, and they take on a new meaning. As an example, the time A ¢,
is a guaranteedin-view period of one satellite from the two users and
the o1, is a joint visibility period of another pair of satellites from
the two users. On the other hand, we can obtain an estimation of the
maximalin-view period At (6s). However, the overlappingarea of
the coveragecirclesis greaterthan the inscribedcircle ;. Therefore,
the estimation implies a true maximal in-view period no less than
Atax(05). The values Aty, ty5, Atyy, and Aty (6,) depend on the
distance and the azimuth of the connecting line between the two
users. In the boundary points of the service area, that is, 6 — 0,
then At; — 0, 8t;;, — 0, Aty — 0, and At — Atna (6).

Expression (12) is an implicit equation that defines the biggest
service area with continuous links. The coordinates of a maximal
remote user A, depend on the first covering function 6, (¢s) and an
azimuth of the connectingline ¥, and in turn the latitude ¢5 depends
on the coordinates A,. For a solution of this problem with given
values of 4, ¢, ¥, 0;,, and 0;, and the single covering function
6i(), an iterative method can be used. At the first iteration, we
assume that (péo) =~ ¢;. The following computational algorithm has
been proposed (based on equations for latitude and longitude that
are given in the Appendix).

1) Compute the Earth-central angle between points S and A;:

9;K+1) = 9A1 - 91((0;10) (13)

where K =0, 1, 2, ..., is the iteration number.
2) Compute the latitude ¢s:

(pé’<+ D =gin™! [cos(SéK+ 1)) sin @; + sin (9;’<+ 1)) COS ¢ COs ‘{’]

(14)

3) Repeat steps 1 and 2 until a preestablishedaccuracy of latitude
@s is achieved.
4) Determine the Earth-central angle between points A; and A,:

8§ =04 + 62 —261(05) (15)
5) Compute the latitude and longitude of the point A,:

@ =sin"'(cos 9sing, + sin 3 cos @, cos y) (16a)
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Fig. 10 Service area of type U-S-U for the IRIDIUM constellation.
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Fig. 11 Service area of type U-S-U for the GLOBALSTAR constella-
tion.

A =2, + tan”! (sin gsin y, S50 SN @ sin gy ) (16b)

cos @
As a rule, to obtain the converged values (to 0.5-1%), only three or
four iterations are needed in this computation.

Figures 10 and 11 representlocal service areas (U-S-U) of a user
in St. Petersburg for the IRIDIUM and GLOBALSTAR constella-
tions. The coverage circles of the user are shown for a comparison.
The maximal link distances for azimuths of 0 and 7, that is, south-
north and north-south directions, are shown in Figs. 12 and 13. The
IRIDIUM constellation supports the link (in a geometrical sense)
between two users with a distance greater than 500 km for latitudes
¢ =>40°. In the case of the GLOBALSTAR constellation, this link
can be established for two users near the equator with a distance no
less than 400-1000 km and for middle latitudes with a distance no
less than 1000-2000 km.

Regional and Global Communication Areas

The illustrated approach can be extended to a more complex sce-
nario. The necessary condition of a link type S-GS-S between two
users is a joint visibility of two satellites from the users and visi-
bility of the two satellites from a GS. The computation of service
area of type S-GS-S based on Eqs. (13-16) can be applied to the
determinationof a servicearea of type U-S-U. The communication
between the users located in this service area can be established at
any time. The summarized service area of a user, located in a service
area of a GS, is a union of a service area of type U-S-U and a ser-
vice area of GS(S-GS-S). An example of combined service area of
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Fig. 12 Extremal link distances for the IRIDIUM constellation.
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Fig. 13 Extremal link distances for the GLOBALSTAR constellation.
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Fig. 14 Service area of user in Berlin using GS in Moscow.

auser in Berlin using a GS in Moscow based on the GLOBALSTAR
constellationis shown in Fig. 14.

Regionalor globalserviceareas canbe describedin terms of graph
theory. Let us suppose that there is a GS network. Correspondingto
eachGS therearelocalserviceareas of type S— GS-S. A graphcanbe
associated with the GS network. The vertices and edges correspond
to the GSs and the pairs of ith and jth ground stations for which
the link of type GS-S-GS is possible. The link between two GSs
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Table 2 Characteristics of GS network

19,‘/ ,  Arn, Ooty,
GS; GS; deg min min
Berlin Moscow 14.0 4.0 0.7
Berlin Istanbul 149 6.5 1.9
Moscow Istanbul 15.6 5.5 1.3
Moscow Baku 18.0 4.0 0.7
Istanbul Baku 16.3 64 2.0
Moscow Ufa 10.3 6.5 1.6
Baku Tashkent 144 74 25
Ufa Tashkent 16.9 4.7 1.0
Ufa Omsk 99 69 1.9
Omsk Tashkent 143 6.6 1.9
Omsk Krasnojarsk 11.1 57 13
Krasnojarsk Chita 121 57 13
Chita Komsomolsk-on-Amur 149 4.5 0.9

Komsomolsk-on-Amur Petropavlovsk-Kamchatskiy 13.3 5.6 1.3

NG
"L L sked
s
Sy % S,
AR T~
o4 A

-20 0 20 40 60 80 100 120 140 160 180
Longitude, deg

Fig. 15 Example of regional service area for the GLOBALSTAR con-
stellation.

is similar to the local link between two users. The Earth-central
angle between ith GS and jth GS 9;;, the azimuth of connecting
line \P;;, and the coordinates of a middle point §;; between them can
be computed for given coordinates of the GSs (Fig. 9). Suppose that
the Ogs is the coverage angle of each GS. If

9ij <2665 — 20,(@sij) a7n

then, at any time, the ith and jth GSs see at least one satellite and
the link between them can always be established. Similarly, the
circle 05 can be representedas the coverage circle of a user with the
estimations for At,, t;,, and At,y. The summarized service area
of a LEO satellite communication system based on the GS network
is a union of the service areas of all the GSs:

Z =ZGS1UZGS2UZGS3U"'U ZGsn (18)

if the graph is connected.

As an example, a service area of some regions of Europe and
Asia using the GLOBALSTAR constellationis shown in Fig. 15. A
GS network comprises 11 GSs in Berlin (Germany), Moscow, Ufa,
Omsk, Krasnojarsk, Chita, Komsomolsk-on-Amur, Petropavlovsk-
Kamchatskiy (Russia), Istanbul (Turkey), Baku (Azerbaijan), and
Taskent (Uzbekistan). The double pointers denote the pairs of con-
tinuously connected GSs. Parameters of this GS network (9;;, Aty
and &t,) are given in Table 2.

Conclusions

We propose a novel geometric analysis method thatincludes both
new statistical parameters of coverage for LEO satellite constella-
tions and new algorithms for obtaining service areas. The numerical
examples show thatthe algorithmsdescribedcan be quite useful. We
believe that, in a sense, the covering functions give a more descrip-
tive geographical presentation than traditional coverage statistics
based on an elevation angle.

North Pole

Fig. A1 Geographical coor-
dinate frame.

The proposed methods may be useful for further research. First,
the estimations of statistical parameters of coverage for LEO con-
stellations can be used for a GS network design and combinatorial
algorithmsoflink planning. Second, well-known methods of a satel-
lite constellationsynthesis*™!® are oriented, as a rule, on a guarantee
of aspecifieddegreeof coverage.Itis evidentfrom the foregoingthat
the synthesis problem of a LEO satellite constellation for commu-
nication systems is more complex than the guarantee of the degree
of coverage. Perhaps special methods of satellite constellation syn-
thesis with simultaneous optimization of the ground segment are
required.

Appendix: Equations for Latitude and Longitude
For a given point A (latitude @; andlongitude A ), Earth-centered
angle 9, and azimuth ¥, the geographicalcoordinates of the second
point can be computed either from standard equations of spherical
trigonometry. A simple spherical trigonometry procedure is shown
inFig. Al. The equations for the geographicallatitude and longitude
of the second point B, computed from sphericaltriangle ANB,*" are

@g = sin”!(sin @4 cos 3 + cos @, sin 3 cos ¥) (A1)

cos 9 — sin @p sin
Ap =A, + tan”! (sin 9sin P, 5 wA) (A2)

COS @4

The inverse transformation for Earth-centered angle and azimuth
between the two points A and B can be written as

9 =cos™![sin @, sin @5 + cos @4 cos @y cos(Az — A,)] (A3)

sin ¢ — sin @, cos 9 (A4)
COS Q4

¥ =tan! (sin(/lB — A4) cos @p,
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